ECE 7251: Signal
Detection and Estimation
Spring 2002
Prof. AaronLanterman

Georgialndgtitute of Technology

Lecture 3, 1/9/02:
Introduction to Bayesian Estimation

The Players

Want to estimate arealizationq of arandom
variableQ from collected datay

p(q): prior density

p(yq): likelihood density

p(aly) = p(yla)p@ )/p(y). posterior density
p(y) = ®(a.y)dg = d(yla)p@ )da

— Marginal density for the data

— Often called normalizer or partition function
— Sometimes need explicitly; often don’t

Ex: Mitochondria Segmentation
» Datay isanelectron micrograph

e ( contains:
— Number of mitochondria
— Fourier parameterization of mitochondria shapes

Ex: Mitochondria Segmentation

« Dataloglikelihood p(y|q) consists of a Gauss-

markov random field texture model

— Mitochondria and cytoplasm have different textures

— MRF models learned from hand segmented training
data

Prior p(q) learned from training data

— Derived from over 400 hundred hand-segmented
electron micrographs!

See U. Grenander and M.I. Miller,

“ Representations of Knowledgein Complex

Systems,” J. of the Royal Statistical Society, B

Ex: Mitochondria Segmentation

* Posterior p(qly) extremely complicated

» UsesMarkov chain Monte Carlo (random sampling)
algorithm to draw samplesfromp(q|y) posterior

Note: Movie removed
from powerpoint file on
web, since the movie
sometimes bombs on my

laptop (?)

(Images and movie from www.cis;jhu.edu)

Ex: Brain Mapping
Datay are MRI scans

Parameters q consists of a vector field mapping one
brain to another

Likelihood p(y|q) has Gaussian form from squared-
error metric used to compare 3-D images

Prior p(q) derived from mechanics

» Theory of elastics or viscous fluid

* Prevents brain warping from getting too wacky
See G.E. Christensen, S.C. Joshi, and M.I. Miller,
Volumetric Transformation of Brain Anatomy, |EEE

Transactionson Medical Imaging. 16(6), Dec. 1997,
pp. 864-877.




Ex: Brain Mapping
¢ Multiscalegradient ascent used to maximize
the posterior p(q |y)

(Movie from www.cis.jhu.edu)

Cost Functions

» Measure error between a parameter instance
and its estimate

» Some common cost functionsfor area or
complex parameter:;

c(@,9) 3q - q [*; squared error

c(@.a)=q - q ; absolute error

c(@.a) =1(d - q |>€); "hit or miss’
or uniform error

The Bayes Risk
» We seek the estimator which minimizesthe
Bayes risk or averagecost: Joint E[J

R° E[C]° E[c@ (). QlH o
= Oce@(y).a) p(a,y) cdy
= OP(Y) 7@ ()P @ ly)da iy
=EE[c@(¥). QY]]

“iterating the expectation”

Navigating the Maze of Many E’s
~ A func. of
Ele@. Q) V1= £(¥) Moo o

hence ar.v.
E[] over Qcond. onY

E[ELc@ (), QY]] }{‘:;‘:L';i?om

number
E[] overY
- A func. of
Elc@M. QY =yl = f(y)jme

General Trick for Minimizing Risk
e Candoitfor each datavalueindividually:
R=p(y) §c5@ (v)a)p @ | y)da dy
lﬂ_,/ —

Since30, it sufficesto minimize
bracket for eachy

» Sometimes can useordinary calculus:

d -
——C : dg =0
K0 o-@(y).9)p@ |y)dq

Minimizing the Squared Error Risk
« Let'sdoit for real parameters:
Ja(y)-a)?p@ | y)dg =0
Ra(y)-9)p@ ly)dg =0
$(Y)Pa y)da = ¢ paly)dg
a(y)op(@ | y)da = ¢ p(a | y)dg

A —
=1

dq (y)




Conditional Mean Estimator

* Minimizing squared error risk yields
conditional mean estimator.

a(y) = 3 p(@ | y)dg
=Eq|Y=y]° EHqly]
» Herodenotesusing g, . (Y)

» SeeHero, Sec. 4.2.1, pp. 34-35for an dternate
proof that also appliesto complex parameters

Minimizing the Absolute Error Risk

* Clearest derivation seemsto beon p. 343-344
of Kay VoI I. Wewant to solve

d()

» Splitinto two terms:
a(y)

0@)-q)p@ ly)dg +

d()

d
— dg =0
Q0 )q(y)(q a(y))p@ |y)dg =

Leibnitz’'s Rule
* Recall fundamental theorem of calculus:
a

d N\ j—
- ¥Oh(b)db = h(a)

« Leibnitz’ s rule extends fundamental theorem of
calculus:

g(a)
d dhta b)db— S Th@b) 4

f(a) f(a)

+h(ag(a>)dg(a) ha, f(a))dfdfj‘)

Use Lebnitz’ s Ruleon Each Term
q(y)

Gy O O@(y)-a)p@ ly)dg =

op(q|y)dq+(q“(y)- T |y)- 0

¥

— AN@-q dg =
dq(y)dg(q a(y))p@ |y)dq

- QP@Y)da+0- @) TEHAAQ) V)

a(y)

Conditional Median Estimator

* Minimizing absoluteerror yieldsthe
conditional median estimator:
a(y) ¥
0 p@ y)dg = o p@|y)dg

q(y)

P{a£a(y} =%

* Herodenotesusing g, ()

» SeeHero, Sec. 4.2.2, pp. 35-36 for adifferent
kind of proof

Minimizing the Uniform Error Risk

* Wewant to minimize

d a(y)-a > e)p@ |y)d
=dL- 1(la(y) - g I<e)l p@ | y)d

q(y)+e

=1- O p(]y)dg
a)-e ,

Equivalently, maximizethis




Maximum a Posteriori Estimator

* Minimizing uniformor “hit and miss’ error,

ase® 0, yield the maximum aposteriori
estimator:

a(y) =max p(d]y)
 Herodenotesusing dMAP(y)

 Couldcdll it the* conditional mode
estimator,” but too many thingswith the
acronym CME or CmE a ready!




