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ABSTRACT

Huber's estimator has had a long lasting impact, particularly on robust statistics. It is well
known that under certain conditions, Huber's estimator is asymptotically minimax. A moderate generalization in rederiving Huber's estimator shows that Huber's estimator is not the
only choice. We develop an alternative asymptotic minimax estimator and name it regression
with stochastically bounded noise (RSBN). Simulations demonstrate that RSBN is slightly better
in performance, although it is unclear how to justify such an improvement theoretically. We
propose two numerical solutions: an iterative numerical solution, which is extremely easy to
implement and is based on the proximal point method; and a solution by applying state-of-theart nonlinear optimization software packages, e.g., SNOPT. Contribution: the generalization
of the variational approach is interesting and should be useful in deriving other asymptotic
minimax estimators in other problems.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction
Huber's estimator has had a long lasting impact on robust statistics. Classical ways of introducing the minimaxity of Huber's
estimator seem to imply that it is the only choice (Lehmann, 1991, Section 5.6). In this paper, we rederive minimax estimators
in a regression setting, by following Huber's variational approach. We show that other minimax estimators are available by
considering the general solutions to the differential equation that is considered in the variational approach. The result is a new
estimator which we call regression with stochastically bounded noise (RSBN). To the best of our knowledge, this is the first
appearance of such an estimator. The consideration of the general solutions in the variational approach is inspiring to us and has
potential applications in other problems where minimax estimators are to be derived.
It is well known that Huber's estimator can be solved via iteratively reweighted least squares. We present two computational
approaches for RSBN. First, using the proximal point method in optimization, we develop an iterative approach that is extremely
simple to implement---it only takes a few lines in MATLAB. However, its numerical performance is not stable: it can converge
extremely quickly in some situations, and extremely slowly in some pathological cases. Second, we present an alternative by
using state-of-the-art optimization software packages, such as SNOPT.
RSBN performs well in simulations, although it is not clear whether/why the different choices of minimax estimators make a
difference in applications.
The rest of this paper is organized as follows. In Section 2, the formulation is presented. In Section 3, we establish RSBN, as
well as its asymptotic minimaxity. In Section 4, we discuss numerical issues. Simulation results are reported in Section 5. Some
discussions are presented in Section 6.
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2. Formulation
We adopt the standard regression model
y = A + ,

(2.1)

where y = (y1 , y2 , . . . , yn )T ∈ Rn is the response vector,  ∈ Rm is the vector of coefficients, A = [a1 , a2 , . . . , an ]T ∈ Rn×m is the
model matrix, and  = (1 , 2 , . . . , n )T represents the random error vector. Without loss of generality, we assume that A is of
full column rank (equivalently, (AT A)−1 exists). Furthermore, we assume that the random errors i , i = 1, 2, . . . , n, are i.i.d. with a
common density function f.
One can estimate the set of coefficients by choosing the one that solves the following optimization problem:
minimize

n


(ri ) subject to ri = yi − aTi , i = 1, 2, . . . , n.

(2.2)

i=1

Here, we normally require  to be a convex function, because a convex optimization problem is more amenable to a solution
than other optimization problems (e.g., combinatorial optimization problems). If we define a vector r = (r1 , r2 , . . . , rn )T ∈ Rn , the
restriction of the above optimization problem can be rewritten as r = y − A. So, we can express the optimization problem (2.2)
in matrix terms as
minimize (r) =

n


(ri ) subject to r = y − A.

i=1

A key feature of the above formulation is that the objective function is an additive function. The criterion depicted in (2.2) covers
many known approaches. For example, when (x) = x2 , we have the ordinary least squares estimator. When (x) = x2 for |x|  1,
and (x) = 2|x| − 1, for |x| > 1, we have Huber's estimator.
3. Regression achieving asymptotic minimaxity and RSBN
In this paper, we propose the following function for (x):

(x) =



− log cos 1 (x/)
1 tan 1 · |x/| − 1 tan 1 − log cos 1

if |x/| < 1,
if |x/|  1,

(3.1)

where 0 < 1 < /2. More results on 1 will be established when we derive the asymptotic minimaxity of the above estimator.
Fig. 1(a) gives a graphical comparison between the above  and the objective functions that are used in the least squares estimator
and Huber's estimator. The derivatives of these functions are shown in Fig. 1(b).
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Fig. 1. The objective functions (x) and the first derivatives in ordinary least squares, Huber's estimator, and RSBN: (a) objective functions, (b) first derivatives.

X.S. Ni, X. Huo / Journal of Statistical Planning and Inference 139 (2009) 503 -- 515

505

When (x) has the form in (3.1), the resulting estimate is named the RSBN estimate. We will prove that the RSBN estimator
achieves asymptotic minimaxity, which is our main reason for choosing (3.1) as . This result is summarized in the following
theorem and will be proved later in this section.
Theorem 3.1. The RSBN estimate is asymptotically locally minimax, given that i , 1  i  n, satisfy Prob(|i | > )  , where  > 0 and
0 <  < 1 are predetermined.
We call the errors that satisfy the above condition `stochastically bounded noise'.
Theorem 3.1 is proved through Sections 3.1--3.6.
3.1. Asymptotic normality
The solution to (2.2) is an M-estimator. The asymptotic normality of M-estimators is well known in statistics, cf. Hampel et al.
(1986) and Huber (1981, Chapter 7.6). This property is summarized in the following.

Lemma 3.2. Suppose (·) has a monotone first derivative  = , and a second derivative  =  . Also suppose  (x − c) dF(x) exists,
where F(x) is the cumulative distribution functions (c.d.f.) of f and c is a constant. Then, the estimate given by (2.2) has the asymptotic
distribution


 2
 dF
1
(AT A)−1 ,
N 0 ,
 
n (  dF)2
where 0 is the vector of the true values of the coefficients.


We take the quantity 2 dF/(  dF)2 as a natural measure of the performance of an M-estimator and call it the asymptotic
variance. Obviously, the smaller the asymptotic variance is, the closer the M-estimator is to the true value of the parameter.
3.2. Minimum asymptotic variance estimate
Based on the above analysis, we hope to achieve the minimum asymptotic variance. The following lemma summarizes some
related results, which has been shown in some statistics books, cf. Lehmann (1991, Chapter 5.6). The detailed proof of this lemma
can also be found in Ni (2005) and Huo and Ni (2005).
Lemma 3.3. The asymptotic variance of the estimator from (2.2) is bounded below by 1/I(f), where I(f) is the Fisher information of the
distribution f. The lower bound is achieved when  ∝ (− log f), i.e., when the estimate is the maximum likelihood estimate.
When  = − log f , we call the solution to (2.2) the minimum asymptotic variance estimate.
3.3. Least informative distribution
We restate the variational approach, which is one way to derive Huber's estimator. Obviously, the smaller the Fisher information
I(f), the larger the lower bound of the asymptotic variance. So we are interested in the least informative distribution, which is the
solution to the following optimization problem: (Note the variable, f, is a function.)


f(x) dx = 1.
(3.2)
minimize I(f) subject to
v(x)f(x) dx  0,
Notice that in our framework, f is assumed to have a nonzero information I(f). For example, a piecewise constant function f may
lead to I(f) = 0, which leads to an infinite asymptotic variance. Such a case is excluded by demanding the smoothness of f: f  exists
everywhere and does not equal to 0 for all x.
The first constraint in (3.2) is a general form of many types of restrictions on noise distributions. For example, if
v(x) = −

when |x| < 

and

v(x) = 1 − 

when |x|  ,

(3.3)


we have − f  1 − . This implies that the errors are stochastically bounded. This condition is meaningful when there are

outliers. If v(x) = x2 − B, we have x2 f(x) dx  B, which is the second moment constraint. Similarly, we can have some other
moment constraints. The second constraint in (3.2) is equivalent to requiring f to be a p.d.f.
To find the solution to (3.2), we consider the following function:


(f) = I(f) + 1
v(x)f(x) dx + 2 + 2
f(x) dx − 1 ,
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where 1 and 2 are the Lagrange multipliers, and ∈ R is a pseudo-variable: v(x)f(x) dx + 2 = 0. We consider a variational
approach. Assume f0 is a minimizer in (3.2). For any other p.d.f. f1 , consider ft = (1 − t)f0 + tf 1 , 0  t  1. Because f0 is a minimizer,
we must have (d/dt) (ft )|t=0  0 for any f1 , which is equivalent to

−4

( f0 )
f0


(f1 − f0 ) dx + 1


v · (f1 − f0 ) dx + 2

(f1 − f0 ) dx  0.

The above holds if and only if
4

( f0 )
f0

− 1 · v − 2 = 0.

(3.4)

Note the above is a necessary condition for f0 to be the solution to (3.2), and it also holds if f0 is a local minimizer. I.e., if f0 solves
(3.2) within a neighborhood, then (d/dt) (ft )|t=0  0 is still true. We summarize this result in the following lemma.
Lemma 3.4. If a function f0 has second derivative and achieves a local minimum in (3.2), then it satisfies (3.4).
3.4. Regression with stochastically bounded noise (RSBN)
We construct a function f0 that satisfies (3.4). The constructed function f0 leads to the objective function that is used in RSBN.
Our objective is to find an appropriate  in (2.2), so that the solution to (2.2) is both easy to compute and optimal within a family
of distributions for random errors. We list the conditions that are to be satisfied.

• [Probability density function] Function f is a probability density function: f : R → R+ (f  0) and f = 1. In the previous
discussion, we assumed that f has a finite Fisher information, I(f) < ∞. We also assume that f is symmetric about 0.

• [Stochastically bounded noise] We have − f  1 − . This indicates that the probability of errors having absolute values no

larger than  is at least 1− . Usually  is small. As mentioned earlier, an expression equivalent to this condition is v(x)f(x) dx  0,
where v is defined in (3.3).
• [Convexity] Function (x)=− log f(x) must be convex, and  and  both exist. Under these conditions, (2.2) becomes a nonlinear
convex optimization problem.
• [Minimaxity] When (x) = − log f(x), according to Lemma 3.3, the minimum asymptotic variance is achieved. If f also minimizes
the objective in (3.2), the minimum variance is achieved in the worst scenario. Such an estimator is called an asymptotic
minimax estimator. From Lemma 3.4, the above mentioned minimizer f should satisfy Eq. (3.4).
The reader can verify that the following function is a solution to Eq. (3.4).
⎧ 
x 2
⎪
⎨ c cos 1
,
|x| < ,
f0 (x) =


⎪
|x|
⎩ c · exp −2
· cos2 1 · exp(22 ), |x|  ,
2

(3.5)



where 0 < 1 < /2, 2 > 0. The above is constructed by considering the general solutions to the differential equation (3.4). One
of the simplest forms that satisfies all the aforementioned conditions is chosen. Special care is given to ensure that log(f0 ) has
second derivative. More discussion regarding our choice of f0 , especially how it differs from Huber's estimator, will be provided
in Section 3.5.
Recalling that  = − log f0 , we have
⎧
x
⎨ − log c − 2 log cos 1 ,
|x| < ,

(x) =
(3.6)
⎩ − log c + 2 |x| − 2 − 2 log cos  , |x|  .
2
2
1



Note that (x) can be simplified without changing the optimization problem in (2.2): i.e., replacing (x) with a(x) + b, a > 0 in
(2.2) gives an equivalent optimization problem. Note that (x) is linear outside the interval [−, ].
3.5. Our choice of objective function versus Huber's estimator
Our choice of the objective function (·) is rooted in (3.4). We now present the justification for choosing the functional solution
as in (3.5). Because − 1 ·v(x)− 2 in (3.4) is piecewise constant with discontinuity points − and , we consider a generic differential
equation:
g 
+ C = 0,
g

(3.7)

X.S. Ni, X. Huo / Journal of Statistical Planning and Inference 139 (2009) 503 -- 515

where C ∈ R is a constant and g =

507

f0 . The general solution to the above equation, up to a constant, is:

• if C = 0, g = x + c1 ,
• if C > 0, g = cos(x +
√c2 ), and
• if C < 0, g = exp{− −C|x|},
where c1 and c2 are constants. Since we want g(±∞) = 0, we must assume − 1 · v(x) − 2 < 0, i.e., C < 0, outside the interval
[−, ], which leads to the only functional form that vanishes at infinity. Inside the interval [−, ], we assumed − 1 · v(x) − 2 > 0,
which leads to the objective function in RSBN. If we assume − 1 · v(x) − 2 = 0, then we have g(x) = x, which will eventually lead
to Huber's estimator. Here is where we deviate from Huber's derivation.
As mentioned earlier, some historical description seems to imply that Huber's estimator is a unique minimax estimator, e.g.,
see Lehmann (1991, Section 5.6). They consider an asymptotic minimax estimator among all the c.d.f. F(x) = (1 − )G(x) + H(x),
where constant  and c.d.f. G(x) are known, and c.d.f. H(x) is unknown but satisfies some general conditions. When G(x) = (x),
the c.d.f. of the standard normal distribution, the minimax estimator is Huber's estimator. We solve the minimax problem in a
more general sense.
3.6. Parameters in RSBN
The parameters c, , , 1 , 2 satisfy the following conditions:
 
f0 (x) dx = 1 −  and
lim f  (x) = lim f  (x).
−
x→+
x→−

(3.8)

So, we have

2 = 1 tan 1 .

(3.9)

The relationship between 1 and  is revealed by the following lemma.
Lemma 3.5. The proportion  defined in the stochastically bounded noise and the parameter 1 in RSBN have the relation:

=

cos3 1
.
1 · sin 1 + cos 1

(3.10)

The details of the derivation of the above relation and a figure that illustrates the relationship between  and 1 can be found
in an online technical report (Huo and Ni, 2005).
Now we consider a simplified version of (3.6). As an objective function in (2.2), the following  is equivalent to the one in (3.6):
⎧
x
⎨ − log cos 1 ,
|x| < ,

(3.11)
(x) =
⎩  |x| −  − log cos  , |x|  .
2
2
1



Bringing in (3.9), we get exactly the expression in (3.1). From all the above, we have established Theorem 3.1.
The following flow chart summarizes the procedure for constructing :
(3.12)

(3.11)

(3.13)

,  −→ 1 −→ 2 −→ .
3.7. Other properties
• Fisher information of the least informative distribution: We consider the Fisher information I(f0 ). Let f = f0 (x − ), where f0 is the
least informative distribution in Section 3.4. We have
2


I(f0 ) = 4 1

1 · sin 1
.

·
sin
1 + cos 1
 1
2

(3.12)

The details of validating the above equation are posted in Huo and Ni (2005). Taking  = 1.0 and combining (3.10) and (3.12),
we have the relationship between the Fisher information I(f0 ) and . Since 1 ∈ [0, /2], the range of the Fisher information

I(f0 ) is from 0 to 2 /2 . A figure in Huo and Ni (2005) shows the relationship between  and I(f0 ). We find that a small  leads
to a large Fisher information.
• Asymptotic variance of RSBN: As for the asymptotic variance, in Section 3.1, we have already shown that
 2
 dF
.
asymptotic variance =  
(  dF)2

(3.13)
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Since  =  , the formulae for (·) and  (·) can be easily derived. Expressions for these two functions can be found in Huo and
Ni (2005).
4. Numerical approaches
Two distinct numerical approaches are presented in Sections 4.1 and 4.2, respectively.
4.1. Utilizing the proximal point method
In this subsection, we describe a proximal point algorithm which solves RSBN. The purpose is to give the readers who do not
have access to a sophisticated software package an extremely easy-to-use algorithm. Huo and Ni (2005) give a detailed description
of the proximal point method.
Considering the first order necessary condition for (2.2), we have
0 = AT (A − y),

(4.1)

where  =  , (y − A) = [((y − A)1 ), ((y − A)2 ), . . . , ((y − A)n )]T , and (y − A)i denotes the ith component of the vector
y − A. Eq. (4.1) is equivalent to
⎧
⎨ u = A
find u, v : v = (u − y)
⎩
0 = AT v

⎧
⎨ u ∈ Range(A),
i.e., finding u, v : v ∈ Kernel(A),
⎩
v = (u − y).

(4.2)

Applying the proximal point method to RSBN, we have the following algorithm for RSBN.
(1) Choose (0) ∈ Rn , k = 0.

(k)

(2) Find ui , such that (ui − yi ) + ui = i , i = 1, 2, . . . , n.
(k)
(3) Let vi = i − ui , i = 1, 2, . . . , n.
(4) Project u = (u1 , . . . , un )T , v = (v1 , . . . , vn )T .
(k+1) = P (u) + P
A
Ker(A) (v)
T
= v + A(A A)−1 AT (u − v).

Here PA and PKer(A) are the projection operators projecting the input onto the range of A and the kernel of A, respectively.
(5) If (k) does not converge, k = k + 1, go back to step (2).
In step (2), since  is monotone increasing, ui will have a unique solution. But because there is a tangent function in  in RSBN,
one needs to implement a line search algorithm to solve it. We can see that if  is piecewise polynomial, this method is quite
appealing, because a closed-form solution is available to the equation in step (2). This approach has been used to solve for Huber's
estimator---see Michelot and Bougeard (1994). After finding u,  can be found via u=A. It is possible that our algorithm converges
slowly to the solution---we refer to the analysis that has been conducted in Huo and Ni (2005).
4.2. Other implementation: SNOPT with SQP
As an alternative, we use a state-of-the-art optimization software package to solve for the RSBN directly. We use a generalpurpose optimization package---SNOPT, a software package developed in Gill et al. (1998). It minimizes a linear or nonlinear
function subject to bounds on the variables, as well as sparse linear or nonlinear constraints. It is suitable for large-scale linear
and quadratic programming and for linearly constrained optimization, as well as for general nonlinear programs. In our case, in
(2.2), we have linear constraints and a nonlinear but convex objective function.
SNOPT finds a solution that is locally optimal. Ideally, all the nonlinear functions should be smooth and the user should provide
the gradients. In our case, since the objective function in (2.2) is convex, the local optimal solution will coincide with the global
optimal solution.
SNOPT uses a sequential quadratic programming (SQP) algorithm that obtains a search direction from a sequence of quadratic
programming subproblems. Each QP subproblem minimizes a quadratic model of a certain Lagrangian function subject to a
linearization of the constraints. An augmented Lagrangian merit function is reduced along each search direction to ensure convergence from any starting point.
The source code for SNOPT is written in Fortran. In order to use it, a Fortran compiler is required. The numerical examples
in the present paper are a result of combining some MATLAB programming, Unix shell programming, Fortran programming,
and SNOPT.
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5. Simulation
5.1. An illustrative example: variable star
In this section, we study a well-known data set in time series analysis---the magnitudes of a variable star at midnight on 600
successive nights. Bloomfield (1976) showed that it is a superposition of two `dominant' sinusoid functions. We take a slightly
different viewpoint, and assume that the underlying signal (denoted by s) is a smooth signal residing in a low dimensional
linear subspace. The observed magnitudes, denoted by y = (y1 , y2 , . . . , y600 )T , are an approximation to s. In our case, y is the
rounded version of s: i.e., yi = [si + 0.5], where [x] is the largest integer no larger than x. It is evident that the mapping from s to
y is completely nonlinear. Let y = s + n, where n is the so-called noise sequence. Considering the source from where the noise
sequence is generated, we must agree that the Gaussian assumption on the distribution of n is not appropriate. In this case, we
compare the ordinary least squares estimator, Huber's estimator, and RSBN.
We consider the discrete cosine transform (DCT) of the original signal. The DCT with signal length n has the kth basis function:

1/n, 
k = 0, i = 1, 2, . . . , n,

ck (i) =
1

k
, k = 0, i = 1, 2, . . . , n.
2/n cos i −
2
n
The reasons for choosing DCT are: (a) DCT is an analogous of the Fourier transform, which is widely adopted in representing cyclic
signals; (b) there are fast numerical algorithms to implement DCT.
In this simulation, we first find the subspace that contains most of the signal's energy. This can be done by carrying out a DCT
transform, then retaining the coefficients with the largest magnitudes. Later, we intentionally distort the observation. Then, three
different projections are compared. We illustrate the optimality of our method.
Fig. 2(a) shows the magnitude vector y of the variable star. We take the DCT of y, and keep 10% of the coefficients with the
largest magnitudes. The associated 10% basis functions span the subspace that contains the largest possible proportion of the
energy. We denote the subspace by A. The dimension of A is 60. Projecting the observation y onto the subspace spanned by A
(i.e., Range(A)) by ordinary least squares regression, we have PA,LS (y) = ŝLS,1 , where `LS' indicates the least squares estimator, and
`1' indicates it is from the original observation y. (In other words, vector ŝLS,1 minimizes u − y 2 among all the vectors u that
2
are in Range(A).) We then project the observation y to A by using RSBN. We choose  = 0.5, 1 = 0.46, and  is given in (3.11). We
denote PA,RSBN (y) = ŝRSBN,1 . Since the deviations, y − ŝRSBN,1 (shown in Fig. 2(c)) or y − ŝLS,1 (shown in Fig. 2(b)), are supposed
to be round-off errors, ideally they should fall within the interval [−0.5, 0.5]. For the least squares estimator, there are 70 deviations
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Fig. 2. Variable star data set and the deviations by the least squares regression and RSBN.
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Fig. 3. The distorted variable star signal. Circles indicate the true values.

with magnitudes larger than 0.5, and 16 of them having magnitudes larger than 1.0. For RSBN, there are 44 deviations having
magnitudes larger than 0.5, and 15 of them having magnitudes larger than 1.0. In this case, compared to the ordinary least squares
estimator, RSBN has fewer deviations falling beyond the ideal interval [−0.5, 0.5]. Of course, at the same time, we should observe
a loss in the mean square error, which is what the least squares estimator aims to minimize. The sum of squared deviations for
the least squares estimator is 10.4337, and for RSBN it is 10.6022.
Now we randomly pick two positions in the variable star sequence. In particular, we choose position 224 and 446. Originally,
y224 = 15 and y446 = 16. Suppose the decimal points in these numbers were somehow misspecified, and the recorded values


= 160. Without loss of generality, let y  denote the new sequence. Fig. 3 shows y  .
became y224
= 1.5 and y446
Recall PA,LS and PA,RSBN denote the projection operators onto Range(A) by the least squares method and RSBN, respectively.
Let PA,H denote a projection operator onto A via Huber's estimator. Recall that a general form of Huber's estimator is, for  > 0,
 2
x ,
|x| < ,
(x) =
2|x| − 2 , |x|  ,
in (2.2) (Huber, 1977, 1981). In Huber's estimator,  is piecewise linear (outside a neighborhood of the origin) or quadratic
(inside the neighborhood).
Consider the projections ŝLS,2 = PA,LS (y  ), ŝRSBN,2 = PA,RSBN (y  ), and ŝH,2 = PA,H (y  ). The deviations y − ŝLS,2 , y − ŝRSBN,2 and
y − ŝH,2 are plotted in Fig. 4(a)--(c). Note these are the deviations from the estimates of the `original' signal sequence y (not y  ).
Table 1 shows some statistics on the performance of these three different methods.
There are several phenomena worth noting. First of all, the deviations of the least squares estimate are significantly worse
than the other two. This illustrates that the least squares estimator is not robust. Second, the performance of RSBN has almost
no difference between the two cases: y and y  . In other words, ŝRSBN,2 is as close to y as ŝRSBN,1 is. Third, RSBN performs slightly
better than Huber's estimator. It is not surprising that RSBN and Huber's estimator have similar performance, since the objective
functions in (2.2) for these two are very close to each other. One commonality is that are both linear outside an interval: (−, )
in RSBN and (−, ) in Huber's.
5.2. Comparison with the ordinary least squares estimator and Huber's estimator
We compare three different regression methods: the ordinary least squares estimator, RSBN, and Huber's estimator.
We demonstrate that for mixed Gaussian noise, RSBN does the best job.
5.2.1. Design of the simulation
We choose m=15 and n=600. In each experiment, for the model in (2.1), A is generated by sampling each entry (Aij , 1  i  n, 1
 j  m) from a standard normal distribution (N(0, 1)), with the constraint that A must have a full column rank. If the generated
matrix A does not have a full column rank, the process is repeated instead of proceeding to the next step. The vector  is generated
as a standard normal vector in Rm ,  ∼ N(0, Im ). The vector  is generated as a standard normal vector in Rn ,  ∼ N(0, In ).
The observation vector y is then computed as y = A + .
Recall the operator PA,LS : Rn → Range(A) is the projection operator from the Euclidean space Rn to the linear subspace
Range(A). In other words,
PA,LS (y) = argmin

u∈Range(A)

u − y 2 .
2
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Fig. 4. Differences between the original variable star signal and the estimates from the distorted signal by three methods.
Table 1
Some statistics for the three regression methods on the distorted variable star data

Square root of sum of squares, y − ŝ∗,2
Number of magnitudes > 0.5
Number of magnitudes > 1.0

2

OLS

Huber's

RSBN

47.2771
372
196

10.6658
53
16

10.6053
45
15

Let dLS,1 denote the deviation vector from the least squares projection PA,LS (y) to the true linear component A. Note here the
first subscript `LS' indicates the least squares method, and the second subscript `1' in dLS,1 indicates the Gaussian noise vector ().
We have
dLS,1 = PA,LS (y) − A = PA,LS ().

(5.1)

We then distort the Gaussian vector . We randomly select 1% of the entries in , multiply them by 200 (value 200 is arbitrarily
chosen). The new vector is denoted by  . Effectively, each entry of  follows a mixed normal distribution: i ∼ 0.99N(0, 1) +

0.01N(0, 2002 ), 1  i  n. Denote y  = A +  .
Let dLS,2 , dRSBN,2 and dHuber,2 denote the deviation vectors corresponding to the least squares estimator, RSBN, and Huber's
estimator, respectively. Here, the second subscript `2' indicates the distorted noise vector  . We have d∗,2 =PA,∗ (y  )−A =PA,∗ ( ),
where `∗' can be LS, RSBN, or Huber.
We repeat the experiments 1000 times. Each time, for the distorted errors, the three methods lead to three deviation vectors:
(i)

(i)

(i)

dLS,2 , dRSBN,2 and dHuber,2 . Letting dLS,2 , dRSBN,2 and dHuber,2 denote the deviation vectors we get in the ith experiment, we have
(i)

(i)

(i)

in total 3000 n-D vectors: dLS,2 , dRSBN,2 , dHuber,2 , i = 1, 2, . . . , 1000.
The smaller the deviations, the better the regression method.
5.2.2. Cut-off value
To measure the robustness of different methods, it is natural to compare the deviation vectors dLS,2 , dRSBN,2 , and dHuber,2 with
the deviation vector dLS,1 , because dLS,1 is the deviation of an ideal method (least squares estimation or MLE) in the ideal situation
(with Gaussian errors). We propose to study the number of deviations with magnitudes above a quantity : i.e., for 1  i  1000,
(i)

#{j : |(d∗,2 )j | > , 1  j  n},
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(i)

(i)

where ∗ can be LS, RSBN, or Huber. Here # stands for the cardinality of a finite set. The jth component of d∗,2 is denoted as (d∗,2 )j .
Quantity , which is called the cut-off value, can be viewed as a quantile of dLS,1 ∞ .
The following is to derive a reasonable value of . We study the distribution of the random variable dLS,1 ∞ . Let dLS,1 2
denote the 2 norm of dLS,1 . We have
dLS,1 ∞ = dLS,1 2 ·

dLS,1 ∞
.
dLS,1 2

We list three facts. For details, please refer to the Appendix of Huo and Ni (2005):
• dLS,1 2 and dLS,1 ∞ / dLS,1 2 are independent.
• dLS,1 22 has a 2m distribution with m degrees of freedom, where m is the column rank of A.
• Assume that the projection PA,LS has the eigenvalue decomposition


Im
PA,LS = U T
U,
0
where U is orthogonal. Let


m
,
 = UT
0(n−m)×1
where m is uniform on the unit sphere in Rm , m 2 = 1, and 0(n−m)×1 is an all zero vector. Let max,m =  ∞ . The ratio
dLS,1 ∞ / dLS,1 2 has the same distribution as max,m . The analytical form of the probability density function of max,m could
be too complicated to be useful, however.
Based on the above three facts, we can find the distribution of dLS,1 ∞ and the cut-off value through simulations. In this paper,

we choose the cut-off value  = 1. The related probability P{ dLS,1 ∞ > } is approximately 3.1 × 10−4 , which is estimated from
100,000 simulations.
5.2.3. Simulation results
Fig. 5 illustrates the results from all the steps of one simulation.

• Fig. 5(a) shows the Gaussian noise vector . Each element of it satisfies the distribution Normal(0, 1).
• Fig. 5(b) shows the deviation vector (dLS,1 ) of the least squares regression in the Gaussian noise case.
• Fig. 5(c) shows the distorted Gaussian noise vector  . The vector  is generated by multiplying six randomly chosen elements
of  by 200.
• Fig. 5(d) shows the deviation vector dLS,2 from the least squares regression with the distorted Gaussian noise  .
• Fig. 5(e) shows the corresponding deviation vector dRSBN,2 from RSBN.
• Fig. 5(f) shows the corresponding deviation vector dHuber,2 from Huber's estimator.
(i)

(i)

(i)

From Section 5.2.1, we get 3000 deviation vectors out of 1000 simulations: dLS,2 , dRSBN,2 , dHuber,2 , i = 1, 2, . . . , 1000.
We choose two ways to compare the three different methods. One is to study the relative ratio of the l2 norms of a pair of the
deviation vectors. The other is to count the number of magnitudes above the cut-off line (determined by the  value developed
in Section 5.2.2) in each deviation vector.
(i)

Fig. 6(a) gives a histogram of the ratios of the 2 norms of deviation vectors from Huber's estimator and RSBN: dHuber,2 22 /
(i)
dRSBN,2 22 , i = 1, 2, . . . , 1000. We observe that most of them are above 1. This implies that RSBN tends to give smaller sum square
of deviations than Huber's estimator. Fig. 6(b) shows a histogram of the logarithm (base 10) of the ratios corresponding to the
(i)

(i)

least squares estimator and RSBN: log10 ( dLS,2 22 / dRSBN,2 22 ), i = 1, 2, . . . , 1000. The reason to take logarithms is that some ratios
can be extremely large. Obviously, the least squares regression for non-Gaussian errors leads to much higher sum of squares of
deviations than the RSBN does.
Define the numbers of magnitudes above the cut-off in the following way:
(i)
(i)
= #{j : |(d∗,2 )j | > 1, 1  j  n},
∗,2
(i)

where ∗ can be the subscripts: LS, RSBN, or Huber. We observe that for all 1  i  1000, RSBN,2 = 0. This means that RSBN is
very robust (in the sense that there is no outstanding deviation from the true signal). Huber's estimator performs comparably.
(i)

Fig. 6(c) gives a histogram of Huber,2 , i = 1, 2, . . . , 1000. We observe that 15 of them have 1 deviation whose magnitude is larger
(i)

than 1, and only 1 has 2 deviations whose magnitudes are greater than 1. Fig. 6(d) shows a histogram of LS,2 , i = 1, 2, . . . , 1000.
We can see that in most simulations, the number of deviations with magnitudes above the cut-off 1 is large. The average number
of deviations with magnitudes above the cut-off is 421, which is roughly 70% of the signal.
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Fig. 5. Quantitative results in one simulation. See text for the details.

In this simulation, RSBN outperforms Huber's estimator, and both significantly outperforms the ordinary least squares
estimator.
6. Discussion
6.1. A general regression formulation
Eq. (2.2) is consistent with many approaches that exist in the literature.
• For  > 0, we have (x) = 0, when |x| < ; and (x) = |x| − , when |x|  . Formulation (2.2) is an l1 regression with a `dead
zone'. By adding some slack variables, (2.2) can be formulated as a linear programming problem. The reader can verify that the
following linear programming problem is equivalent to the problem in (2.2):
minimize

n


ti

i=1

subject to

− ti −   yi − aTi ,
yi − aTi   ti + ,
0  ti ,

i = 1, 2, . . . , n,

i = 1, 2, . . . , n,

i = 1, 2, . . . , n.

The idea behind adding a dead zone is to make the large residual relatively more important.
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Fig. 6. (a) The histogram of the ratios between Huber's estimator and RSBN: dHuber,2
log10 (

(i)
dL ,2 22 /
2

(i)
dRSBN,2 22 ), i

2/
2

200
(i)

dRSBN,2

2,
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i = 1, 2, . . . , 1000; (b) the histogram of the logarithm ratios

= 1, 2, . . . , 1000, for the least squares regression and RSBN; (c) for Huber's estimator, the number of deviations whose magnitudes

are above the cut-off; (d) for the ordinary least squares regression, the histogram of the number of deviations whose magnitudes are above the cut-off.

• If (x) = |x|, (2.2) is the standard least 1 norm estimation (Dodge, 1987). It can be solved as a linear programming problem
(Vanderbei, 1996). This can be viewed as a special case of the last problem:  = 0. This formulation is interesting when the
errors are Laplacian: i.e., the errors satisfy an exponential distribution. Li and Swetits (1998) established an analytical connection
between Huber's estimator (with  being a tuning parameter) and the least 1 norm estimator (which was called the linear 1
estimator in Li and Swetits, 1998). Their result is based on analyzing the solutions to the dual problem.
6.2. Other theoretical results
Some results that are related to estimators in regression are worth mentioning. Researchers have explored the robustness of
some regression approaches. For example, Ellis and Morgenthaler (1992) analyzed the `leverage' and `breakdown' in minimum 1
norm regression. The objective in that paper is different from ours: e.g., they do not consider the asymptotic performance as what
we discussed and they do not consider minimaxity. However, their work is inspiring. A citation search of Ellis and Morgenthaler
(1992) gives a good sense of what is known about the robustness of some estimators in regression.
In our formulation, we assume the errors are independent. Other conditions regarding the regularity of the probability density
function of the errors---e.g., the existence of the second derivative of the density, as well as some integrability conditions---are
embedded in the derivation of the asymptotic minimaxity. Researchers have studied the conditions for an M-estimate to be
consistent. The introduction of Berlinet et al. (2000) provides a nice overview. Further citation search for the papers cited there
gives a full spectrum of the results that are available. In this paper, we did not intend to address some of those issues. However,
it will be an interesting future research topic to derive a minimax M-estimator under weaker regularity conditions.
6.3. Misc.
• Convexity of Fisher information I(f): In our derivation, we implicitly used the result that Fisher information I(f) is a convex function
of f. We give a brief verification of such a convexity in the discussion of Huo and Ni (2005).
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• Local minimaxity: We can only verify that our RSBN estimator is minimax at a neighborhood of function f0 ---cf. Lemma 3.4.
Proving that RSBN is a minimax estimator globally (i.e., for all the functions satisfying the `stochastically bounded noise'
condition) seems to be a difficult task. This problem has not been solved in our paper.
• 1 function: There is an interesting similarity between the derived minimax estimator and some criterion functions in model
selection. Specifically, the fact that the objective function becomes linear outside a neighborhood of the origin coincides with
the 1 -norm principle that has recently gained popularity via methods such as LASSO (Tibshirani, 1996) and Basis Pursuit
(Chen et al., 2001).
• Unknown scale: In the `stochastically bounded noise' condition, the parameters  and  are assumed to be known. In practice,
these parameters need to be estimated. In fact, Huber's estimator assumes a known scale of the errors, and so does RSBN. Neither
method is scale-invariant. Moreover, both methods assume that there is no leverage point present. This is the limitation of using
the formulation (2.2).
• Regarding practicality: In this work, we restrict ourselves to M-estimates. Many other robust statistics have been proposed in the
literature, going beyond the framework of (2.2). It is impossible and unnecessary to summarize them here. We would not say
that RSBN is by far the best robust estimator in regression. In fact, our simulations seem to indicate that there is no significant
difference between Huber's estimator and RSBN. Huber's estimator has been outperformed in many publications.
The use of the variational approach in deriving an asymptotic minimax estimator is the main contribution of this paper.
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