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Problem #1 (7pts ea., 21pts total)

A random variable X has a probability density function of the form fy(x)=exp{-a|x|} —o<x<oo
A second random variable Y is related to X by Y =[X| .

a) Find the numeric value of a;
b) Find the probability density function of Y; 0%
¢) A third random variable Z is a function of X'and Y, i.e., Z = v ; find the first and second moment of Z.

a) fy(x)=exp{-a|x|} —oo<x<ow

I: exp{—a|x|}dx = 2J:éxp{—ax}dx = % =1 therefore, a =2

b yox

1 >0
d_x:{’ ) fr(x)=expi-alx]} —<x<o

dy |-1, x<0
Sr()=(1])exp{-ay}+(|-1])exp{—ay} =2exp{-2y} 0<y<wm

C) X I, x>0
-1, x<0

Since f,(x)=exp{—a|x|},—o0<x <oo,issymmetricwith respect to0, Pr{Z=1}=Pr{Z=-1}=0.5
Z=FE{Z}=-1x0.5+1x0.5=0
72 =E{Z =1x05+12x0.5=1
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Problem #2 (7pts ea., 21pts total)

The characteristic function of two independent Gaussian random variable, X'and Y, are given by D, (u)= e/ ) and
@, (v)=e”™"), respectively. Let Z=X- Y.

a) Find Z =E[Z];

b) Find 7 =E[Z°];

c) Find the characteristic function of Z, @ ,(w).

D, (u)= /) gt L Y 3 oy =4, and X = oy +X*=13
D, (V)= =D Yo 62=8 and Y2 =02 +7>=9
a) Z=E[Z]=E[X-Y]=E[X]-E[Y]=3-1=2
b)  Z2=E[Z’]=E[(X -Y)*]=E[X*]+E[Y*]-2E[X]E[Y]=13+9-2x3x1=22—-6=16
¢) E[-Y]=-E[Y]=-1, E[Y*]=E[(-Y)']=9, and ¢°, =9—(~1)’=8=0,
D, (v)= N NHEIYI2) e =4
Z=X-Y=X+(-Y) 12(2) = [y (2)* [4(2)
Therefore, @, (w) =@, (W)D_, (w) = /> @) — gin2-(6w)

Indeed, o, = 72— (Z)* =16—2% =12 and (o, /2)=6 which appears in the characteristic function.
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Problem #3 (7 pts ea., 42 pts total)

Consider a signal/process X (¢) = Acos(2m +®)+V (¢t) where A is a Gaussian random variable with zero mean and a
variance of 8, ® is uniformly distributed in (0,2 7) and the independent noise ¥(¢) has an autocorrelation function of
R,(7)= 10e %% The signal is applied to a finite-time integrator with impulse response /(#) =[u(t) —u(t—-2)]/2 .

a)
b)
©)
d)
e)
f)

a)

b)

Find the autocorrelation of the input R, (7) ;
Find the spectral density of the input S, (w) ;
Sketch the input spectral density;

Find the autocorrelation of the output R, (7) ;
Find the spectral density of the output S, (w) ;
Sketch the output spectral density.

R, (0)=E[X(t)X(t+71)]|=E{[Acosm+O)+V (¢)][Acosmt +2nr +O)+V (¢t +7)]}

=FE{Acos(2mt+O)Acos(2at +2nt+O)} +R,(7) = %E{Az} cos2zr+ R, (7) = 4cos2zr +10e™ !

Sy (@) =F{R,(7)} =F{4cos2zr} +F{R,(7)} o) \ Sx (w)“ i
2x107 002
=4r{6(0w—-2r)+0(w+2m)} + T o

-2 0 27

H(w) = Sincz( @ j Y@ =" X(t-Dh(A)dA= % jj [Acos(2at — 27+ ©) + V(1 — A)]dA
T

e)

d)

=LAsin(2m—2m+®)l:2 { IV(t—/I)d/I} jV(z A =V ()% h(t)
207 A=0

S,(w)=S,(w)| H(w)| =sinc ( j{47z{5(a) 27)+o(w+2m)} +L042} = sincz(ngO“2 ~0.02x sincz(gj
V4 +w V4

7 )10°+w
R, (7)=F{S,(®)} ~ F_I{O.OZSincz(ﬁj} h Sy(@)
7 0.02
—0.02x (1= Zo0i 1=, 7«2 m{\(\m
: 7 ) 7 ) FAYATA ."(\".ﬁﬂ_

-2z
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Problem #4 (7 pts ea., 21 pts total)
A random process having an autocorrelation of R, (7) = 16¢7"1 +16 is the input to a linear system having an impulse response

of h(t)=35(t)—2e*u(t)

a) Find the mean value of the output;

b) Find the mean-square value of the output;
¢) Find the variance of the output.

a) R,(r)= 16727 +16 The constant component in R, (7) corresponds to (X)*. Therefore, X =4 .
Y =X[ h(t)dt=4 j:[é'(t) —2¢]dt=4[1-1]=0
b) ¥? = R, (0) = [ dA [ Ry (A = W(A)R(A)dA, = [W(A)dA, [ Ry (A, = A )h(A)d,
[ Ry (= 2)h(A)dA, = [ 11677 +16][5(4) —2e > 1A, = [ 166 H[S(2) = 2¢ 77 1dA, =16¢ 7! - ["[32¢74 e 1d A
j:[sze-z‘*z—‘l‘e—“l 1dA, = j:z [32¢ 2 e 24 1dA, + L‘” [32¢ 2 e 1dA =8 2 +324,e
[ R (i = 2)A(2)dA =8 =320,e7  for 4,20
Y’ = [ [8¢7% =324, 1[5(4,) —2e " JdAy =8 = [ 167" — 641" JdA, =84+ [ 640e " "dl, =4+4=38

Alternatively, 4 64
S (@) = F{R ()} = 16 x 278 (0) + 16— = 3275 () + .
421 +w ) 4+w ,
Fih(0)} =F{(1) - 2¢ " u(t)} =1-——=—2Y —H@) . |Hw/}=-2=
2+ jo 2+ jo 4+w

64 } ®* 640>

Sy(@)=8,(0) | H(w)| :{327r§(a))+4 PR :(4+a)2)2

+’

_ . 2 _

Y2:RY(O):lI 6440)22c17a>:ﬁ —a)erltan*l @
T (4+w”) 7|24+w7) 4 2

¢) ol=Y>—(Y) =8

(e 0]
_647m _¢
0 T 8
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